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Abstract

In this study, failure behavior of fiber-reinforced composites under four-point bending is investigated. First, the tests are

modeled analytically using the classical lamination theory (CLT). The maximum allowable moment resultants of [�12]Toff-

axis laminate as well as balanced and symmetric angle-ply [�3/��3]s composite laminates as a function of fiber orientation
angle, �, are obtained using Tsai-Wu, maximum stress, maximum strain, Hashin, Tsai-Hill, Hoffman, quadric surfaces,

modified quadric surfaces, and Norris failure criteria. Second, the same tests are simulated using the finite element

method (FEM). Thermal residual stresses are calculated and accounted for in the failure analysis. An analysis is conducted

for optimal positioning of the supports so as to ensure that intralaminar failure modes dominate interlaminar (delam-

ination) failure mode. A test setup is then constructed accordingly and experiments are conducted. The correlation of

the predicted failure loads and the experimental results is discussed. The quadric surfaces criterion is found to correlate

better with the experimental results among the chosen failure criteria for the selected configurations.
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Introduction

Composite materials are widely used because of their

high stiffness-to-weight and strength-to-weight ratios.

Composites can be tailored to achieve desired character-

istics by changing their laminate configurations in the

design stage. For the safe use of composite plates, one

should use reliable failure theories during design stage

that will correctly predict failure under given loading

conditions for any chosen laminate configuration.

There are numerous failure criteria proposed to pre-

dict macroscale failure in composite structures in the

literature.1–6 These failure criteria can be classified in

several ways: the ones with or without stress inter-

action, stress or strain based, failure mode dependent

or independent, linear or quadratic, physically based,

i.e. based on failure mechanisms, etc.

Reliability of a failure criterion depends on its success

in being able to accurately predict the failure for any

different combinations of layup configuration, material,

and loading condition. In many industrial applications,

composite plates are subjected not to only in-plane loads

but also out-of-plane loads. Recognizing that in-plane

and out-of-plane responses of composite laminates can

be quite different,7 a criterion validated for in-plane

loading cannot be assumed to be also valid for out-of-

plane loads. For this reason, there is a need to fully

examine the validity of the failure criteria for out-of-

plane loads. In this way, safety of a design can be

ensured during a design process. Validity and reliability

of composite failure criteria are well studied for in-plane

loads.8–15 However, similar studies are quite limited in

number for out-of-plane loads (i.e. bending moment,

twisting moment, transverse force, or a combination of

them), and the existing ones16–22 are not comprehensive;

only some chosen configurations were studied under out-

of-plane loads: [08/908]s, [908/08]s, [(0/90)8]s, [(45/0/

�45)5]s, [018/(90/�90)]s,
16 [(�45/90/0)3]s,

17 [(04/904)2]s,

[453/04/�453/903]s,
18 [014/(22/�22)3]s, [016/(39/�39)2]s,

[018/(90/�90)]s,
19 [(�45/90/0)3]s,

20 [5]8, [15]8, [52/154/52],

[152/54/152], [152/52/152/52], [52/152/52/152].
22 In these

studies, usually three-point bending tests were per-

formed.16,17,19–21 The disadvantage of this test setup is

that the line force applied by the upper support causes

Department of Mechanical Engineering, Bogazici University, Istanbul,

Bebek, Turkey

Corresponding author:

Fazil O Sonmez, Department of Mechanical Engineering, Bogazici

University, Istanbul, Bebek 34342, Turkey.

Email: sonmezfa@boun.edu.tr

Journal of Composite Materials

2016, Vol. 50(26) 3679–3697

! The Author(s) 2016

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/0021998315624251

jcm.sagepub.com

 at BOGAZICI UNIV LIBRARY on October 11, 2016jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


non-uniform bending moment in the critical region of

the plate. In that case, finite element results highly

depend on mesh density. Besides, not only bending

moment, but also transverse shear stress is induced;

therefore, their separate effects cannot be differentiated.

Three-point bending tests are normally used to measure

shear strength of materials. Considering that the critical

region is small, strength highly depends on the local

density of micro defects in that region. Different distri-

butions of defects in different specimens reduce the reli-

ability of strength measurements. On the other hand, in

four-point bending test specimens, predominantly bend-

ing moment develops between the loading locations. In

the world-wide failure exercise (WWFE), Kaddour

et al.13 compared the predictions of several criteria for

[þ30/90/�30/90]s glass/epoxy laminates under pure

bending, but experimental correlation was not investi-

gated. That study demonstrated that the predictions of

the criteria exhibited a wide variation in strain values as

well as in the initial location of damage. Kaddour and

Hinton14,15 benchmarked failure theories for test cases in

which hydrostatic pressure and shear loads were applied

that induced triaxial stresses in the specimens.

For a failure theory, not only the accuracy of the

predictions for some selected configurations, but also

the accuracy of the predicted failure trend is important

especially for design optimization studies. Typically,

laminate configurations are optimized by varying fiber

orientation angles of laminae. If a failure theory is used

that incorrectly estimates the failure trend, i.e. increas-

ing or decreasing trend of failure load with the change

in the lamina angle, the optimization algorithm

may converge on an inferior design. No experimen-

tal study exists on the failure trend for out-of-plane

loads.

Because of the difference between the thermal expan-

sion coefficients in the directions along and transverse

to the fiber, residual stresses develop after laminae with

different fiber orientations are joined at a high tempera-

ture and cooled down. Those macroscopic stresses may

even cause matrix cracks during the cooling process

before the application of mechanical loads.23 They

may also lead to premature failure under loading.

In this study, the failure behavior of fiber-reinforced

composites under out-of-plane loads is investigated.

For this purpose, a four-point bending test setup is

designed and constructed such that the intralaminar

failure modes will be more critical than the delamin-

ation failure mode. [�12]T off-axis laminates and

balanced and symmetric angle-ply [�3/��3]s composite

laminates are tested. The experiments are repeated five

times to obtain their strength. The tests are simulated

using both the classical lamination theory (CLT) and

the finite element method (FEM), and the maximum

allowable moment resultants, Mmax, as a function of

fiber orientation angle, �, are obtained using different

failure criteria. For balanced and symmetric angle-ply

laminates, the thermal residual stresses are taken into

consideration in order to enhance the reliability of the

analytical and numerical results. The values of Mmax

obtained numerically and analytically are then com-

pared with the test results for specimens with [�12]T
and [�3/��3]s layup sequences for fiber angles of 0�,
5�, 15�, 30�, 45�, 60�, 75�, and 90�. In this way, not

only the accuracy of the predictions is examined, but

also the correlation of the predicted failure trend with

the experimental results is checked.

Analytical model of four-point

bending test

In order to apply the failure theories, the stress and

strain states in the composite structure induced during

testing need to be determined. These can be obtained

via a structural analysis. For this purpose, both

analytical and numerical methods are used in the pre-

sent study.

The thickness of the specimens is small compared to

their width and length (less than one-twentieth). In that

case, the out-of-plane stress components can be

assumed to be negligibly small (�zz ¼ �xz ¼ �yz ¼ 0).

Classical lamination theory (CLT) can then be utilized

to relate the loading to the resulting stress and strain

states. The loads on a laminate may be in-plane, Nxx,

Nyy, Nxy, or out-of-plane, Mxx, Myy, Mxy, as shown in

Figure 1. Application of the loads creates strains that

vary linearly through the thickness. In-plane strain

state is expressed as24
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where "oxx, "
o
yy, and �o

xy are the overall mid-plane strains

and �xx, �yy, and �xy are the overall curvature terms,

respectively. The stress components are related to the
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Figure 1. A schematic of the composite laminate and the

general loading conditions.7

3680 Journal of Composite Materials 50(26)

 at BOGAZICI UNIV LIBRARY on October 11, 2016jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


strain components as
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where k is the lamina number counted from the bottom,

Qij are the components of the reduced stiffness matrix,

which depend on the fiber orientation, �k, and elastic

properties of the material along the principal material

directions, E1, E2, G12, n12, and n21
24 and "Txx, "

T
yy, �

T
xy

are the thermal strains given by �xx�T, �yy�T, and

�xy�T. �T is the temperature difference between the

cure temperature and the room temperature and �xx,

�yy, and �xy are the thermal expansion coefficients in

the global x-direction, y-direction, and x–y plane,

respectively.

Stress resultants (forces and bending moments per unit

lateral length of a cross section) are obtained by through-

the-thickness integration of the stresses in each ply as24
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Here m is the number of distinct laminae in one of the

symmetric portions above or below the mid-plane.

Substituting equation (1) into equation (2), which is in

turn substituted into equations (3) and (4), one can obtain
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where Aij is membrane stiffness component, Dij is the

bending stiffness component, and Bij are bending–

extension coupling stiffness components. The expres-

sions for Aij,Bij,and Dij and the solution of

equation (5) can be found in Hyer et al.25 If a laminate

is multidirectional, thermal force and moment result-

ants should also be taken into account in the failure

analyses. They are calculated as

NT
xx

NT
yy

NT
xy

8

<

:

9

=

;

¼
X

2m

k¼1

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2

4

3

5

k

�xx

�yy

�xy

8

<

:

9

=

;

zk � zk�1ð Þ�T

ð6Þ

MT
xx

MT
yy

MT
xy

8

<

:

9

=

;

¼
X

2m

k¼1

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2

4

3

5

k

�xx
�yy
�xy

8

<

:

9

=

;

z2k � z2k�1

� �

�T:

ð7Þ

Only symmetric laminates are considered in this study;

then, the bending–extension coupling matrix terms, Bij,

(equation (5)) reduce to zero. Because of symmetry,

thermal bending resultants, MT
xx, M

T
yy, and, MT

xy, are

obtained to be zero from equation (5). Considering

that the bars of the four-point bending test fixture pre-

vent twisting of the composite plate specimen at four

locations, the twisting curvature, �xy, is taken as zero.

Then the corresponding twisting moment, Mxy, applied

by the bars is unknown. The bending moment resultant

Myy is taken as zero. The bending moment on the

x-plane, Mxx, has such a magnitude that it makes the

failure index equal to zero; in other words, it causes

initial failure in the laminate. The fixture does not

apply in-plane loads; hence, Nxx, Nyy, and Nxy are

equal to zero. Solving equation (5), the six unknown

terms are obtained, "oxx, "oyy, �o
xy, �xx, �yy, and Mxy.

Substituting them into equation (1), strain components

with respect to global coordinates, "xx, "yy, and "xy are

obtained. From equation (2), stress components at each

lamina, �xx, �yy, and �xy, are determined. Using tensor

transformation rules, strain and stress components in

the principal material coordinates, "11, "22, "12 and �11,

�22, �12, respectively, can be obtained. Based on this

information, failure analyses can be carried out.

Intralaminar failure criteria for laminated

composites

In this study, some of the most widely recognized com-

posite failure criteria with different characteristics are

studied and their predictions are compared with the

results of four-point bending tests, where the middle

regions of the laminate are predominantly subjected

to unidirectional bending moment. These criteria are
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Tsai-Wu, maximum stress, maximum strain, Hashin,

Tsai-Hill, Hoffman, quadric surfaces, modified quadric

surfaces, and Norris. In order to apply these criteria,

the material strength data in principal material direc-

tions are needed; that means tensile and compressive

strengths along the fibers, Xt and Xc, and transverse

to them, Yt and Yc, respectively, and shear strength,

S12 are needed. These are readily available properties

for most of the composite materials. There are numer-

ous failure criteria proposed in the literature other than

the ones selected in the present study. The failure cri-

teria requiring different strength data obtained through

special experimental setups such as LARC0326 are not

considered in the present study. The ones based on

micromechanics and progressive failure models are

also not considered. Benchmarking these criteria

against the four-point bending tests is left as a future

study.

Tsai-Wu failure criterion1 is a non-linear stress-

based criterion which accounts for stress interaction;

however, it does not predict failure mode. According

to this criterion, the failure is predicted under plane

stress state as24

�2
11
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�11�22
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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The maximum allowable moment resultant, Mmax, is

the magnitude of Mxx that makes the left hand side

equal to 1.0.

Tsai-Hill is a stress-based, quadratic, failure mode

independent criterion accounting for stress interaction.

According to the criterion, failure occurs if equation (9)

is satisfied24
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wherein X and Y are either tensile or compression

strength depending on the sign of the respective stresses.

Hoffman criterion2 is a stress-based, quadratic, fail-

ure mode independent criterion which accounts for

stress interaction. This criterion is stated as
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The quadric surfaces criterion3 is a stress-based, non-

linear, failure mode independent failure criterion with

stress interaction. This criterion states that failure

occurs if the following equation is satisfied

a
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where a ¼ 0.98, b ¼ 0.49, and c ¼ 0.002,3 which are

found by employing stability conditions and enforcing

satisfaction of the equation for special loading cases

like aþ c ¼ 1 for �11 ¼ X, �22 ¼ �12 ¼ 0.

The modified quadric surfaces4 is a modification of

the quadric surfaces criterion. The difference between

them is that the coefficients of in-plane and shear cou-

pling terms are assumed to be zero in the latter one.

Accordingly, the equation becomes

a

X2
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11 þ
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�2
22 þ
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12

�212 þ
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�11�22

þ c

X
�11 þ

c

Y
�22 þ

c

S12

�12 � 1:

ð12Þ

Norris5 proposed a failure theory for orthotropic

materials based on the Hencky-von Mises energy

theory. It is a non-linear, stress-based criterion. The

criterion accounts for stress interaction. According to

Norris, the onset of failure occurs if at least one of the

following equations is satisfied5

�11

X

� �2

þ �22

Y

� �2

� �11�22

XY
þ �12

S12

� �2

� 1
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�11

X
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� 1

or
�22

Y

� �2

� 1:

ð13Þ

The maximum stress criterion is a linear, stress-based,

failure mode dependent criterion without stress inter-

action. This criterion claims that failure occurs if one of

the following conditions is satisfied24

Xt � �11 or �11 � Xc

Yt � �22 or �22 � Yc

or �12j j � S12:

ð14Þ

The maximum strain criterion is linear, strain based,

and failure mode dependent; yet, it does not account

for interaction between strains. According to this cri-

terion, failure occurs if24

"11 � X"c or X"t � "11 ð15Þ

"22 � Y"c or Y"t � "22 ð16Þ
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or S" � "12j j ð17Þ

where X"t , X"c , Y"t , and Y"c are the maximum allowable

tensile and compressive strains in the 1 and 2 directions

(Figure 1), respectively, S" is the maximum shear strain

in the 1–2 plane.

Hashin’s criterion6 is a nonlinear and physically

based failure criterion, which can predict the failure

mode. It also accounts for stress interaction.

According to the criterion, failure occurs under plane

stress condition, if one of the following conditions

occurs
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12
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12
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�22

2S23
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2S23

� �2

�1

" #

�22

Yc

þ �12

S12

� �2

� 1

if �22 5 0

ð21Þ

where S23 is the maximum out-of-plane allowable shear

stress in 2–3 plane.

Finite element modeling of four-point

bending test

Finite element analysis of the plate is performed using

commercial software ANSYS. SOLID185, a layered

3-D structural solid element, is used to generate mesh

in the structural volume. SOLID185 is defined by eight

nodes having three-degrees of freedom at each node;

translations in the x, y, and z directions.27 First, a

finite element modeling of the test is developed.

Second, a convergence analysis is carried out. Third,

an analysis is conducted for optimal positioning of

the loads so as to ensure that the intralaminar failure

modes dominate over the delamination failure mode.

For this purpose, the results of a delamination criter-

ion28 are compared with the results of Tsai-Wu and

maximum stress failure criteria for different loading

positions. Then, simulations are conducted using the

optimal loading condition in which the most likely fail-

ure mode is intralaminar failure, not delamination.

Lastly, all of the criteria are implemented into

ANSYS, and Mmax predictions are obtained as a func-

tion of fiber orientation angle.

The specimen and the loading conditions are mod-

eled, failure criteria are applied and the maximum

allowable moment resultants, Mmax, are found using

ANSYS Parametric Design Language (APDL). Mmax

values are computed for fiber orientation angles, �,

from 0� to 90� with 1� increments.

First, 3-D model of the plate is built, fiber orienta-

tion angle is defined, and mesh is generated. Then,

boundary conditions are defined. The nodes which

coincide with bottom supports are held in the trans-

verse, or z, direction. Tests are conducted under dis-

placement control. In order to simulate the real test

conditions, a displacement is defined for the nodes

located at the position of the top supports. In order

to account for thermal loads and calculate the resulting

residual stresses, a thermal loading step prior to the

mechanical loading step is included in the finite element

analysis by introducing DT (temperature difference

between the cure temperature and the room tempera-

ture) to the FE model. This thermal step simulates cool-

ing of the laminate from the process temperature

(180�C) to the room temperature (25�C) and calculates

ply-level residual stresses due to mismatch between the

coefficients of thermal expansion in the fiber and trans-

verse directions; thus the magnitude of the residual

stresses is independent of the mechanical loading con-

ditions. After solution, stress and strain components at

each node are obtained and failure analysis is carried

out using the selected criteria. The analytical model

based on CLT provides 2D-stress and strain states

within the plate. In order to obtain the failure loads

based on this information, 2D definitions of the failure

criteria given by equations (8) to (21) are used. The FE

model provides 3D-stress and strain states within the

plate. Accordingly, 3D definitions of the criteria

are used to calculate the failure loads. Definitions of

Tsai-Wu, maximum stress, maximum strain and

Hashin failure criteria come as default in ANSYS; how-

ever, Tsai-Hill, Hoffman, quadric surfaces, modified

quadric surfaces, and Norris criteria are implemented

to the software using the parametric design language.

The results of the nodes around the support locations

are excluded in the failure analysis, because concen-

trated loads defined at the nodes cause stress concen-

tration much severer than the actual case.

The objective is to determine the loading, in this case

downward displacement of the upper support, such

that the maximum failure index becomes equal to 1.0.

This is found iteratively after successive solutions using

secant method. Then the reaction force at a support,

F, is obtained utilizing post-processing commands.

Using the value of F at the time of failure and the dis-

tance between the upper and lower supports, a, the

maximum allowable moment resultant, Mmax, is calcu-

lated by Mmax ¼ Fmaxa.

The accuracy of the results of a finite element ana-

lysis depends on mesh density. Finer meshes, in general,
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increase the accuracy of the results. However, in

some cases, model may contain singularity points,

e.g. regions where concentrated forces exist. A concen-

trated force is considered to be applied on a region with

zero area. A high mesh density around concentrated

loads may result in unrealistically high stress levels.

Besides that, computational cost may increase remark-

ably. Optimum mesh density should be determined

before FE analyses are carried out.

Convergence analysis is performed for the middle

regions, where predominantly bending moment devel-

ops. Tension and compression stresses occur due to

bending moment below and above the mid-plane,

respectively. Therefore, the maximum failure index at

the top and the bottom, where the maximum stress

develops, is considered in the convergence analysis.

Finite element models are developed for a 12-layered

48� 96� 2.208 (mm3) composite plate using different

element sizes by dividing the length, width, and thick-

ness for different numbers of divisions. The maximum

failure index is computed using Tsai-Wu and maximum

stress failure criteria and modified Hashin delamination

criterion28 for each case. The delamination criterion is

implemented into the software using the user program-

mable features of ANSYS.27 Based on the results, the

size of a finite element is chosen as 1.0mm along

the length and width of the plate. The thickness of

the elements is chosen the same as the thickness of a

ply, which is 0.184mm.

Test-setup design

The setup is schematically depicted in Figure 2. In this

part of the study, the optimum support positions are

sought to minimize the likelihood of delamination.

While the bottom supports are kept at the same pos-

ition (at the right and left edges of the plate), different

locations for the top supports are tried. The distance

between the top supports and the nearest edges is chan-

ged from 14 to 32mm with 2-mm increments for every

15� of fiber orientation angle, �, from 0� to 90�; delam-

ination as well as intralaminar failure analyses are

repeated for each configuration in order to find the

setup design for which delamination risk is minimum.

The delamination criterion28 is formulated as follows.

Delamination in tension (s33> 0)

�2
33

Z2
t

þ �213

S2
13

þ �223

S2
23

� 1: ð22Þ

Delamination in compression (s33< 0)

�2
33

Z2
c

þ �213

S2
13

þ �223

S2
23

� 1 ð23Þ

where Z denotes strength in the three directions and S13
and S23 refer to out-of-plane shear strengths. The finite

element analyses are repeated for both unidirectional

and multidirectional laminates and the load that

causes initiation of delamination and the load that

causes first-ply intralaminar failure are found for each

configuration. Delamination is found not to be the

dominant failure mode for unidirectional laminates.

However, there is a risk of delamination for angle-ply

plates with fiber angles between 30� and 45�. According

to the maximum stress criterion stated in equation (14),

intralaminar failure is less critical than delamination for

all support locations for angle-ply laminates with 30�

and 45� fiber orientation angles. On the other hand,

according to Tsai-Wu criterion, delamination can be

avoided if the distance between the top supports and

the nearest bottom support (a in Figure 2) is less than

or equal to 20 mm. The risk of delamination becomes

smaller as the distance between the upper and lower

supports is reduced. The magnitude of bending

moment depends not only on the force (F in Figure 2)

but also on the distance between the top and bottom

supports, a (Mmax ¼ FaÞ. If a very small distance is

chosen, very high loads need to be applied by the test

machine. Hence, the top supports are placed such that

the distance between them, b, is 56mm and the distance

between them and the nearest lower support, a, is

20mm in the finite element model as well as in the

experiments.

Experiments

Experimental study is conducted in two stages: manu-

facturing of composite plates and four-point bending

tests.

The plates are manufactured by stacking individual

AS4/8552 unidirectional prepregs, a carbon-fiber-rein-

forced epoxy, in a 118� 190 (mm2) mold with desired

stacking sequence and cured in a hot press in accord-

ance with the manufacturer’s recommended cure

cycle.29 Two or three specimens with 48mm width

and 115 or 135mm length are cut from each plate.

The samples are cut from at least two different platesFigure 2. Schematic of the four-point bending test.
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by means of a diamond disk to prevent consistent error

due to a potential manufacturing defect in a laminate.

The prepreg’s thickness and the fiber volume fraction

(FVF) were reported to be 0.184mm and 57.42%29,

respectively. Accordingly, 12-ply laminate would have

2.208mm thickness. Thickness of each specimen is mea-

sured; their thickness is found to be 2.204mm on aver-

age with a standard deviation of 0.018mm. In the

structural analyses, the reported value, 2.208mm, is

used.

The test setup, which is designed with the help of FE

analyses, is manufactured from forged steel. The sup-

ports are made of silver steel.

Quasi-static tests are carried out under a mono-

tonic loading with a constant displacement rate of

1.0mm/min. The deflections of the specimens are mea-

sured from the downward movement of the upper sup-

ports, namely from the crosshead displacement of the

test machine. The stiffness of the machine and the fix-

tures are not taken into account. Displacement of the

upper supports, �, and the applied force, 2F, are

recorded.

For each 15� of fiber orientation angle, �, from 0� to
90�, five specimens are tested. Some of the chosen fail-

ure criteria predict a slight increase in strength as the

fiber angle is varied from 0 to 3–5�. For this reason,

[512]T and [53/�53]s plates are additionally tested to

observe the correlation between the experimental

results and the predictions.

Results and discussion

Material properties

Mechanical properties of AS4/8552 are taken from the

catalogue provided by Hexcel�.29 The stiffness of the

material is slightly different under tension and compres-

sion. Taking different elastic properties under tension

and compression complicates calculations significantly.

Four-point bending induces tensile stresses below the

mid-plane and compressive stresses above. However,

different mechanical moduli under tension and com-

pression disturb the symmetry condition even if the

laminate has a symmetric stacking sequence. In that

case, the coupling terms (B matrix) do not disappear.

Considering that the differences in the stiffness proper-

ties under tension and compression is less than 5% in

all cases, averaged values are used in this study.

The properties missing in the catalogue like Poisson’s

ratios are taken from Lopes et al.30 Tables 1 and 2

present the material properties used in the analytical

and FE models. Because laminae are transversely

isotropic, one may assume the following equalities

to hold: Zt ¼ Yt, Zc ¼ Yc, S13 ¼ S12, 	13 ¼ 	12, and

G23 ¼ E2=2 1þ 	23ð Þ.

Comparison between theoretical, FEM, and experi-

mental results

[�12]T Off-axis laminates. In Figures 3–5, analytical and

numerical predictions of Mmax obtained as a function

of the orientation angle, �, using the chosen failure

criteria for unidirectional specimens, [�12]T, are com-

pared with the experimental results. Maximum allow-

able bending moment, Mmax, is shown in logarithmic

scale of base 2 in order to better reveal how the predic-

tions compare with the empirical results at quite differ-

ent load levels. Table 3 presents the average values, 
,

and the coefficients of variation, CoV (%), of experi-

mentally determined maximum allowable moment

resultants, Mmax. CoV is the ratio of standard deviation

to average. The table also gives the percentage of error

in the predictions of the criteria obtained based on

FEA. Because quadric surfaces and modified quadric

surfaces give similar predictions, the results of modified

quadric surfaces are omitted in the table. Figure 3 and

Table 3 show that FEM-based predictions of Tsai-Wu,

Tsai-Hill, Hoffman, quadric surfaces, modified quadric

surfaces, and Norris criteria are very close to the experi-

mental results. The average error is about 11–12%.

Considering the experimental scatter (average CoV is

10%), the differences in the predicted failure levels are

not significant. In general, the predictions of quadric

surfaces are more conservative. As it is shown in the

figures, 75�-specimens have lower strength than 90�-
specimens. All of these criteria predict the strength to

be minimum for values of � less than 90�, but only Tsai-
Wu and quadric surfaces predict lower strength for 75�;
the trend predicted by quadric surfaces reveals this

feature noticeably as opposed to Tsai-Wu. Analytical

predictions of Tsai-Wu, Tsai-Hill, and Hoffman are

close to FEM results, but slightly non-conservative.

On the other hand, quadric surfaces, modified quadric

surfaces, and Norris criteria overestimate the failure

loads based on analytically found stress states. Norris

Table 1. Mechanical properties of AS4/8552.29,30

E1
(GPa)

E2
(GPa)

G12

(GPa)

	12 	23 �1
(10�6/�C)

�2
(10�6/�C)

134.8 9.6 5.3 0.32 0.487 0.1265 37.12

Table 2. Strength properties of AS4/8552.29,30

Xt

(MPa)

Xc

(MPa)

Yt
(MPa)

Yc
(MPa)

S12
(MPa)

S23
(MPa)

2207 �1531 80.7 �199.8 114.5 102.7
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criterion predicts increasing strength as � is changed

from 0� to 9�, which contradicts the empirically deter-

mined trend.

Figure 4 shows the predictions of maximum stress,

maximum strain, and Hashin criteria. All of these cri-

teria are physically based, i.e. they can predict the fail-

ure mode of laminates. These criteria estimate a slight

increase in strength in the first few degrees of the orien-

tation angle, which is difficult to explain physically.

Additionally, the failure trends of these criteria do

not show a decrease in strength at 75�-orientation
angle. As it is seen in the figures, these criteria overesti-

mate the average strength of laminates with 5� orienta-
tion. The FEM-based predictions of these criteria again

correlate better with the experimental results as

compared to the analytical ones. The reason for this

may be attributed to the boundary conditions of the

analytical model, which do not exactly reflect the

experimental conditions and partially to the use of 2D

stress state instead of 3D stress state. The predictions of

the criteria based on FE results are not exactly the same

for specimens having 0� or 90 ˚ orientation angle; since

the FE model accounts for Poisson’s effect, a multiaxial

stress state is obtained even for ¼ 0� or 90�.
Figure 5 gives the experimental results together with

the predictions of all the failure criteria for unidirec-

tional laminates, [�12]T, based on the FE model.

Quadric surfaces is slightly better in that its predictions

are either consistent with the experimental results

(the average error is 10.9%) or conservative.

Figure 3. Comparison between the analytical and finite element Mmax predictions obtained using (a) Tsai-Wu, (b) Tsai-Hill,

(c) Hoffman, (d) the quadric surfaces (e) the modified quadric surfaces, and (f) Norris criteria for off-axis [�12]T specimens with

the experimental results.
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In Figure 6, photographs of the bottom surfaces of the

failed off-axis specimens, [�12]T, can be seen. Fiber direc-

tions are shown by arrows. Schematics of various failure

modes can be seen in Figure 7. The main failure mode is

fiber breakage up to 15�. Delaminations are observed to

occur, but after intralaminar failure. For specimens with

an angle of 30� and above, the main failure mode is

matrix cracking; the final catastrophic failure occurs due

to matrix cracking. The fracture surfaces in the [4512]T,

[6012]T and [9012]T specimens are parallel to the fiber dir-

ection. In some specimens, [012]T, [512]T, [1512]T, [3012]T,

damage starts close to the upper supports, which may be

Figure 4. Comparison between the analytical and finite element Mmax predictions obtained using (a) maximum stress, (b) maximum

strain, and (c) Hashin criteria for off-axis [�12]T specimens with the experimental results.

Figure 5. Mmax predictions of the failure criteria for unidirectional laminates [�12]T based on the FE model.
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due to stress concentration created by the supports.

However, considering that the analytical structural ana-

lysis does not take into account stress concentration and

the predictions of the failure criteria based on the

analytical solution are satisfactory, the effect of stress con-

centration can be assumed to be small. In some others,

[6012]T, [7512]T, [9012]T, on the other hand, fracture sur-

faces are away from the support locations.

Figure 6. Photographs of the off-axis failed specimens, [�12]T.

Table 3. For off-axis [�12]T laminates, the average value, 
, and the coefficient of variation, CoV (%), of experimentally determined

maximum allowable moments resultants, Mmax , and the percentage error in the predictions of the criteria based on FEA.

�

Mmax (Nm/m) Error (%) 100 � xpred � xexp
� �

=xexp
� �


 CoV (%) Tsai-Wu Tsai Hill Hoff-man Norris Quad Surf Max stress Max strain Hashin

0� 1452 3.2 �17.1 �17.4 �17.2 �17.3 �19.7 �17.4 �17.4 �17.4

5� 933 16.3 12.6 14.5 12.3 16.1 4.0 28.3 28.2 28.3

15� 740 19.1 �20.4 �20.9 �20.6 �17.5 �22.3 �17.4 �17.4 �20.7

30� 306 10.9 �19.8 �7.2 �17.3 �10.1 �19.5 1.5 �11.2 �15.2

45� 130 9.0 0.7 20.4 0.2 9.5 �0.2 19.9 19.5 5.4

60� 83 2.8 �7.2 �6.1 �7.6 �5.8 �12.5 �1.9 �1.5 �6.0

75� 58 14.9 9.6 10.0 9.5 10.1 5.5 11.4 11.5 10.0

90� 65 5.1 �2.3 �3.2 �2.9 �3.2 �3.5 �3.2 �2.6 �3.2

Average Error (%) 11.2 12.5 10.9 11.2 10.9 12.6 13.7 13.3
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Plots of the applied force on the upper supports, 2F,

versus their displacements, �, (see Figure 2 for F and �)

for off-axis specimens are given in Figure 8. These plots

can be used to determine the first and final failure loads

of the specimens. In the specimens with layup [012]T,

[3012]T, [6012]T, [7512]T, and [9012]T, sudden failure is

observed, while in the specimens with [512]T, and

[1512]T, zigzag deformation is seen. This zigzag deform-

ation shows the interaction of different failure modes

and progressive failure behavior.

The predictions of Mmax based on analytical and FE

models are about the same for 90� laminates and con-

sistent with the experimental result as expected.

However, the estimated failure load for �¼ 0� is about

17% lower than the empirically determined level, which

is 1452 Nm/m on average. This may be the result of the

peculiar failure behavior of 0� laminates under bending.

The maximum normal stress criterion predicts fiber

breakage at the bottom of the plate, which is under ten-

sion, when �xx ¼ Xt ¼ 2207 MPa at Mxx¼ 1793 Nm/m,

but before that level is reached, it predicts fiber buckling

at the top of the plate, which is under compression, when

�xx ¼ Xc ¼ �1531 MPa at Mxx¼ 1244 Nm/m.

Therefore, the model estimates the first-ply-failure load

as 1244 Nm/m. However, even if the top-most fibers

would buckle in the tests and the stiffness of the plate

would slightly decrease, this is barely noticeable from the

macro-behavior of the laminate. Further increase in the

load leads to further decrease in the stiffness due to more

extensive micro-buckling. Only at higher load levels, this

trend becomes noticeable. In most of the specimens,

fracture occurs due to breaking of fibers at the bottom

before significant loss occurs in stiffness as seen in the

force – displacement curves for [012]T specimens shown

in Figure 8.

Figure 9 shows the distribution of �xx component of

stress at the bottom of the specimen with layup config-

uration [012]T. The load is just sufficient to cause first-

ply failure according to the maximum stress theory; the

mode of failure is due to fiber buckling, which occurs at

the top of the laminate, where �xx ¼ Xc ¼ �1531 MPa.

Although at the bottom, the maximum value of �xx is

Figure 8. Force–displacement graphs of tested off-axis specimens, [�12]T.

Figure 7. Schematics of the failure modes: (a) delamination, (b) intralaminar failure, and (c) catastrophic matrix cracking.
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Figure 10. Comparison between the analytical and finite element Mmax predictions obtained using (a) Tsai-Wu, (b) Tsai-Hill, (c)

Hoffman, (d) quadric surfaces (e) modified quadric surfaces and (f) Norris criteria for balanced and symmetric angle-ply [�3/��3]s
specimens with the experimental results (excluding the effects of residual stresses).

Figure 9. The distribution of �xx component of stress in the specimen having fiber orientation � ¼ 0�.
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equal to 1532 MPa in tension, at the top surface, the

maximum compressive stress is �1594 MPa because of

stress concentration due to concentrated displacement

boundary conditions at the region in contact with the

upper support; for this reason, this region is not

included in failure assessment.

Balanced and symmetric angle-ply laminates, [�3/��3]s. In

Figures 10–13, analytical and finite element Mmax pre-

dictions obtained using the chosen failure criteria for

balanced and symmetric angle-ply [�3/��3]s specimens

are compared with the experimental results. Table 4

presents the average values, 
, and the coefficients of

variation, CoV (%), of experimentally determined max-

imum allowable moment resultants, Mmax, for angle-

ply laminates. The table also gives the percentage of

error in the predictions of the criteria based on FEA

results excluding the effects of residual stresses.

In four-point bending of balanced angle-ply speci-

mens, the loading is not pure bending. When the

plate is bent, twisting curvature tends to develop due

to bending–twisting coupling, but straight and rigid

supports prevent development of twisting curvature in

the contact region, and therefore the supports also

cause twisting moment, Mxy. In a smaller extent, Myy

may also develop due to Poisson’s effect. Nevertheless,

predominant loading is Mxx. For this reason, the level

ofMxx at the onset of damage is shown in the graphs as

the failure load.

Figures 10 and 11 present the predictions of the cri-

teria excluding residual stresses. Predictions of Tsai-Wu,

Tsai-Hill, Hoffman, quadric surfaces, modified quadric

surfaces, and Norris criteria are very close to each other

as shown in Figure 10. Norris is more on the non-con-

servative side, while quadric surfaces are on the conser-

vative side. The predictions correlate well with the

experimental results except for �¼ 60�. They all overesti-
mate the strength of [603/�603]s laminate. The average

error is in the range of 11–13%; quadratic surfaces have

the lowest error with 11.3%. Besides, they all fail to

estimate the failure trend that the minimum strength

occurs at about 60�. The predicted failure trend is a con-

tinuously decreasing strength from 0� to 90�. As in the

unidirectional laminates, maximum stress, maximum

strain, and Hashin criteria predict increasing strength

up to 3� as shown in Figure 11; otherwise, the predicted

trend is similar to the others; the average error is about

13–16%, which is slightly worse than the others. Finite

element and analytical model-based predictions of Tsai-

Wu, Tsai-Hill, Hoffman, quadric surfaces, and modified

quadric surfaces are close to each other; the others show

some discrepancies.

Figure 11. Comparison between the analytical and finite element Mmax predictions obtained using (a) Maximum stress, (b) Maximum

strain, (c) Hashin criteria for balanced and symmetric angle-ply [�3/��3]s specimens with the experimental results (excluding the effect

of residual stresses).
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Figure 13. Mmax predictions for [�3/��3]s configuration based on the finite element model including residual stresses.

Table 4. For symmetric angle-ply [þ�3/��3]s laminates, the average value, 
, and the coefficient of variation, CoV (%), of experi-

mentally determined maximum allowable moment resultants, Mmax , and the percentage error in the predictions of the criteria based

on FEA excluding the effects of residual stresses.

�

Mmax (Nm/m) Error (%) 100 � xpred � xexp
� �

=xexp
� �


 CoV (%) Tsai-Wu Tsai Hill Hoff-man Norris Quad Surf Max Stress Max Strain Hashin

0� 1452 3.2 �17.1 �17.4 �17.2 �17.4 �19.7 �17.4 �17.4 �17.4

5� 1018 2.5 5.7 7.9 5.8 8.9 �1.5 17.4 17.3 17.4

15� 704 4.3 �12.6 �5.9 �11.5 �5.4 �9.0 �4.5 �4.5 �5.5

30� 390 2.4 �20.2 �15.9 �20.2 �1.0 �19.3 3.2 �1.4 �16.1

45� 166 10.5 �4.2 13.3 �2.8 18.5 �2.3 20.4 34.2 �2.7

60� 64 9.4 37.0 40.7 37.2 41.1 28.2 49.4 48.8 40.7

75� 66 3.5 �1.6 �1.2 �1.6 �1.0 �6.6 0.4 0.4 �1.1

90� 65 5.1 �2.3 �3.3 �2.9 �3.2 �3.6 �3.3 �2.6 �3.2

Average error (%) 12.6 13.2 12.4 12.1 11.3 14.5 15.8 13.0

Figure 12. Comparison between the effect of residual stresses on the finite element model based Mmax predictions obtained using

(a) Tsai-Wu and (b) Hashin for balanced and symmetric angle-ply [�3/��3]s specimens with the experimental results.
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A comparison of FEM-based predictions of Mmax

obtained using Tsai-Wu and Hashin criteria including

and excluding the residual stresses can be seen in

Figure 12. Residual stresses do not develop in unidir-

ectional laminates with �¼ 0� and �¼ 90�. Accordingly,

no difference exists in the predicted failure loads for

these laminates. The largest residual stress in the trans-

verse direction is predicted to occur at �¼ 45� with a

magnitude of about 50MPa. Considering that the

transverse strength of the material is 81MPa,

significant portion of the strength is degraded due to

the residual stresses. If the structural analysis is carried

out accounting for the residual stresses, the failure cri-

teria significantly underestimate the failure loads for

�¼ 30� and �¼ 45�; they slightly underestimate for

�¼ 15�, �¼ 60�, and �¼ 75�. Underestimation may be

attributed to the viscoelastic properties of polymer-

based composites. Residual stresses developed during

curing partially relax in time. Mite and Kim31 indicated

20% stress relaxation for AS4/3501-6. Because the

Figure 14. Photographs of the failed symmetric [�3/��3]s angle ply specimens.
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structural model does not account for viscoelastic

effects, it is not surprising that the criteria overestimate

the effect of residual stresses and underestimate the

strength. Because of underestimation, accuracy of the

predictions becomes worse; average errors in the pre-

dictions rise to levels of 18–22%. On the other hand, it

is noteworthy that if the residual stresses are included in

the structural model, the predicted failure trends better

correlate with the experimental results, i.e. tendencies

of change in strength with the change in � are similar.

For example, the laminate strength is predicted to take

its minimum value for angles about 60� as revealed by

the experiments; after that, the strength increases up to

�¼ 90�. On the other hand, if the residual stresses are

not taken into account, continuous decrease in strength

is predicted with increasing �.

The predictions obtained by all the selected criteria

considering the residual stress are given in Figure 13.

For values of � larger than 50�, the differences between
the predictions are insignificant (less than 3%). Below

50�, the differences are small considering the experi-

mental scatter. Maximum stress, maximum strain,

and Hashin again predict higher strength for the first

few degrees of � compared to 0�.
Photographs of the bottom surfaces of failed sym-

metric angle-ply specimens, [�3/��3]s, can be seen in

Figure 14. Delamination and matrix cracking take

place in all specimens. Fiber breakage occurs only in

the specimens with layup configurations [53/�53]s and

[153/�153]s and damage starts close to the upper sup-

ports, because these create stress concentration. For

fiber angles larger than 15�, the main failure mode

changes to intralaminar failure. Delaminations are

observed to occur at a stage later than intralaminar

failure. For larger angles, damage initiates away from

the support locations.

Force–displacement plots of [�3/��3]s angle-ply spe-

cimens are given in Figure 15. Zigzag deformation

behavior is observed as in the off-axis specimens of

[1512]T (Figure 8). The main source of scatter observed

in the experiments can be presumed to be manufactur-

ing defects. The average of CoV (coefficient of

variation) values given in Tables 3 and 4 is 10.2% for

off-axis specimens and 5.1% for angle-ply specimens.

Another source of scatter might be hand lay-up

method. It can be seen in Figures 5 and 13 that there

are less scatter in the samples of [012]T and [9012]T. This

may partially be due to smaller error in the placement

of the plies along the chosen orientation, considering

that it is much easier to achieve the chosen stacking

directions for these layups. Another source of scatter

in strength is the differences in specimen thickness.

The thickness varies from 2.17mm to 2.24mm with

an average of 2.204mm.

Figure 15. Force–displacement graphs of tested symmetric angle-ply specimens, [�3/��3]s.
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Comparison of predictions based on linear and

nonlinear finite element models

Although the material response can be considered to be

linear as the force–displacement graphs show, assump-

tion of geometric linearity is questionable considering

that deflections are observed to be much larger than the

thickness of the specimens (2.21mm) during the four-

point bending tests as Figure 15 indicates. The above

presented predictions are obtained based on the linear

finite element model, which determines the response of

the specimens by taking the fibers at their initial pos-

itions. In order to estimate the effects of geometric non-

linearity, a nonlinear finite element model is developed

that accounts for large rotations and deflections. As

shown in Figure 16, the predicted failure loads based

on the quadric surfaces are similar except for �¼ 30�.
For this configuration, the nonlinear model estimates

the failure load to be 20% higher than the linear model

and much closer to the experimental result. The average

error also reduces from 11.3% to 8.7%.

Predicted failure trends for in-plane loads

The success of a failure criterion in predicting the fail-

ure behavior of a composite laminate for just one

type of loading does not justify its use in design for

an arbitrary loading. In the present study, analytical

solutions are obtained for off-axis ([�12]T) and angle-

ply ([�3/��3]s) laminates under in-plane uniaxial load-

ing and the predicted failure trends are compared with

the experimental results reported in the literature. For

off-axis ([�12]T) laminates subjected to a uniaxial in-

plane load (only Nxx 6¼ 0), all of these failure criteria

predict the maximum strength for �¼ 0�, except

maximum stress and maximum strain criteria, which

predict first an increase in strength with increasing �,

then a decrease; this does not agree with the empirical

data reported in the literature.24 If an angle-ply lamin-

ate ([�3/��3]s) is subjected to a uniaxial in-plane load,

all the criteria except Hoffman predict decreasing

strength with increasing �. Hoffman, on the other

hand, predicts increasing strength until �¼ 6�. For

materials having tensile strength in the fiber direction

lower than the compressive strength like T300/5308,7

Tsai-Wu predicts the maximum strength for �¼ 10�,
which is about 8% higher than the strength of [012]T.

This does not comply with the experimental results.32

Hoffman gives even worse predictions; it estimates the

strength of [123/�123]s laminate 25% higher than [012]T
laminate. Among the criteria considered in this study,

quadric surfaces criterion is better in correctly predict-

ing the failure trends for the chosen configurations

[�12]T and [þ�3/�3]s and loading conditions.

Conclusions

In this study, the failure behavior of [�12]T off-axis

laminate and symmetric angle-ply [�3/��3]s laminates

under four-point bending is investigated. A four-point

bending test setup is designed and constructed such that

intralaminar failure modes are more critical than

delamination. Experiments are conducted for [�12]T
and [�3/��3]s layup sequences for fiber angles of 0�,
5�, 15�, 30�, 45�, 60�, 75�, and 90�. Both CLT and

FEM are utilized to simulate the four-point bending

tests. Maximum allowable moment resultant, Mmax,

predictions of nine different failure criteria are com-

pared with the experimental results.

Figure 16. Comparison of the results of linear and nonlinear finite element model for angle-ply specimens.
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For unidirectional laminates, [�12]T, finite element

model based predictions of Tsai-Wu, Tsai-Hill,

Hoffman, quadric surfaces, modified quadric surfaces,

and Norris criteria are very close to the experimental

results with an average error of 11–12%. Maximum

stress, maximum strain, and Hashin criteria predict a

slight increase in strength in the first few degrees of the

orientation angle, which is in conflict with the experi-

mental findings. The strength of [7512]T laminates is

found to be lower than that of [9012]T laminates. Only

Tsai-Wu and quadric surfaces succeed in correctly pre-

dicting this failure trend.

As for angle-ply [�3/��3]s laminates, if the residual

stresses are not included in the structural analysis, pre-

dictions of Tsai-Wu, Tsai-Hill, Hoffman, quadric sur-

faces, modified quadric surfaces, and Norris criteria

correlate well with the experimental results except

that they overestimate the strength of [603/�603]s
laminate. Besides, they all fail to predict the failure

trend that the minimum strength occurs at about 60�.
If the residual stresses are included, the criteria under-

estimate the failure loads.

The FEM-based predictions of the chosen failure

criteria correlate better with the experimental results

as compared to the analytical ones. The reason for

this may be the better representation of the boundary

conditions in the FE model and partially the use of 3D

solid elements.

Correlation of the predicted failure trends with the

experimental results is also examined for plates having

the same configurations, [�12]T and [�3/��3]s, subjected

to uniaxial in-plane loads by comparing the predictions

with previously reported experimental results. If the

tensile strength of the material in the fiber direction is

lower than its compressive strength, Tsai-Wu and

Hoffman criteria predict an increase in strength under

uniaxial in-plane loads as the fiber angle is varied from

0 to 10–12�, which is in conflict with the empirical

results. Overall, quadric surfaces is better in predicting

the failure trends for the chosen configurations [�12]T
and [þ�3/��3]s under uniaxial in-plane and out-of plane

loading conditions.
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